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First-order cosmological phase transitions are considered in the models with 
an 0(3)-symmetric scalar field, in the high temperature limit. It is shown that 
a global monopole can be produced at the center of a bubble when the bubble is 
nucleated. 
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bJ[), I. Introduction 

> : 

^ ■ Symmetries believed to exist in the early universe will break spontaneously as 

the universe expands and cools. Such cosmological phase transitions lead to the 
formation of defects - domain walls, strings, monopoles and textures - and the 
dominant channel is the Kibble mechanism The consequences of the produc- 
tion of defects may be a crisis like the over-production of magnetic monopoles in 
grand unified theories, which can be resolved by inflation, while cosmic strings may 
provide a viable fluctuation spectrum for galaxy formation [[|. Moreover, A "new 
inflationary" universe can be formed at the site of a defect itself ||. When the 
cosmological phase transition is first order, it is achieved through the nucleation, 
evolution and percolation of bubbles, and defects are generated by the collisions 
of bubbles. Since the pattern of nucleated vacuum bubbles are not significantly 
affected by the symmetries of the model, for a wide class of systems, the bounce 
solution with one and only one negative mode of the Euclidean action can depict 
the vacuum bubble solution M. 
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In this report, we review how an 0(3) symmetric model can support new bubble 
solutions, despite the above restriction: a stable global monopole can be simulta- 
neously generated at their center [Q. (For the short versions, refer || and, for the 
flat spacetime case, see also 0.) 

II. Nucleation of Monopole-Bubbles 

The model of interest is an 0(3) symmetric scalar multiplet in a curved space- 
time. At finite temperature it is formulated using the imaginary time method, and 
the Euclidean action is given by 

s = fJ T dt E J ^{-^r+^WW + v ^)\ C 1 ) 

where <p a = <ft a (j) is an 0(3)-symmetric isovector (a = 1,2,3) with = y/(j) a (j) a . 
Our argument in the following does not depend on the detailed form of the scalar 
potential and the existence of the new bubble solution is guaranteed under any 
potential which includes one false vacuum and one true vacuum. Here we choose 
a representative 6 potential for the actual calculation, 

VU) = 4(0 2 + av 2 )(<f> 2 - v 2 ) 2 with < a < 1/2. (2) 

v 

This potential is appropriate for the first order transition from a symmetric vac- 
uum (de Sitter spacetime with the horizon H^ 1 = (87rCrV(0)/3) _ 2) to the broken 
vacuum (Minkowski spacetime). 

Let us consider the situation with temperature T, such that 1 / (bubble radius) <C 
T < Mpi(= l/VG), although the supermassive scale will also raise questions 
about the inner structure of bubbles in the very early universe. At sufficiently high 
temperature, the first order phase transition is described by the 0(3) symmetric 
sphaleron-type solutions. Thus the Euclidean metric is 

ds 2 = (l - 2GM r {r) y^ dt% + _ 2GM(r) j- V + ^ + ^ (g) 
and the ansatz for the scalar field takes the form: 

= (sin 77,6? cos ncp, sinn^sinn^, cos n9) <p(r) , (4) 

where n = for the ordinary bubble solutions and n — 1 for the monopole-bubble 
solutions. 

In addition to the well-known ordinary bubble solution (n = 0) with the bound- 
ary conditions d<p/dr | r= o = and <p(r — > H~ l ) = 0, there exists another nontrivial 
bubble solution (n = 1) which starts at 0(r = 0) = 0, reaches the maximum point 
4>{r = r turn ) = 0tum and goes back to (f>(r — > H^ 1 ) = (see Fig. 1). 
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Figure 2. T\ profiles for thin-wall bubble solutions: The dotted and solid lines 
correspond to an n = bubble and an n = 1 bubble when A = 1, a = 0.01 and 
v/Mpi = 0.1. 



From the profile of T\ after Wick rotation to Minkowski signature in Fig. 2, we 
read the characteristics of the n = 1 bubble in both flat and curved spacetimes: 

(i) There are two bubble walls: One at r/H^ 1 = R n=1 is the bubble wall which 
distinguishes the inside of the bubble at true vacuum from the outside of the 
bubble at false vacuum, and the other at r/H^ 1 = R m is that which divides the 
false vacuum core and the true vacuum surroundings. 

(ii) The matter aggregate formed at the center of the n — 1 bubble is nothing but 
the global monopole due to the nontrivial local mapping between the internal 0(3) 
symmetry and the spatial 0(3) symmetry. It is the reason why we call the n = 1 
bubble the monopole-bubble. 

(iii) There is a no-go theorem that says the scalar fields described by the standard 
relativistic form of the Lagrangian do not support any non-trivial static soliton 
solutions of finite energy. However, the global monopole created inside the n = 
1 bubble is a finite energy configuration since the long-range tail of the global 
monopole 

2 \ r 1 \ dr ) r A r 

is tamed by the outer bubble wall at r/H^ 1 = R n= \. 



The gravitational effects on the shapes of the monopole-bubbles are: 

(i) In terms of the radial coordinate r, 0(r) grows slowly near the origin, and 
it reflects the repulsive nature of the gravity at the global monopole core. The 
decrease of both r turn and t um can be understood by the attractive nature of 
gravity in the true vacuum region between two walls. 

(ii) In a flat spacetime the radius of an n = 1 bubble is always larger than that of 
an n = bubble. This is also true for a thick wall monopole-bubble in a curved 
spacetime. However, the size of a thin wall monopole-bubble in a curved spacetime 
can be smaller than that of an n = bubble as shown in Fig. 2. Let us consider a 
junction condition for a thin wall bubble 



dR\2 8 ,dR\2 „ „„ 2GM, 



v . , T r + 1 - §*w - + 1 - ^ + = ~ m 

(6) 

where R, r, and a are the circumference radius, the proper time, and the surface 
energy density of the shell, respectively. It tells us that the ratio of initial radii of 
the n = and n = 1 bubbles can be smaller than one for sufficiently large radius 
such that 



(7) 

where _R n=0 (0) = 3cr/(V(0) + Q-kGct 2 ) is the initial radius of the n = bubble. 



The spacetime structure inside and outside the monopole-bubble is summarized 
as follows: 

(i) The regions at the core of the global monopole (r / if -1 < R m ) and at the outside 
of the bubble (r/if -1 > R n= i) are de Sitter spacetimes described by the metric, 

ds 2 = -(l-^7rGy(O)r 2 )e 25o dtV(l-^7rGF(O)r 2 ) _1 dr 2 +r 2 (^ 2 +sin 2 0V)- (8) 

(ii) The true vacuum region between the inner and outer bubble walls (Rm < 
r/H -1 < R n= i) is a nearly flat spacetime with a deficit solid angle A = 8irGv 2 . 
Specifically, after rescaling the variables t and r, we have the metric near r = r tU rn, 

ds 2 = -(l- _ 2GM L ui : -)dt 2 +(l- 2GM T* -)dr 2 



where 
GM tuvn 



1 - 87rG0 t 2 urn r / V 1 - 8irG$ mn r J ' 

2 (1 - 87rG0 t 2 urn )(^ 2 + sin 2 dip 2 ), (9) 



This flat nature of the metric can be understood in the Newtonian limit of the 

Einstein equation: V 2 $ = 8ttG(T* - T r r )^0 at r w r turn [|, |. 

(iii) Since the integral of the core region has the negative contribution, i.e., M turn « 



— rxiu = —y4:\(3 + 2a)v < 0, the global monopole inside the monopole-bubble does 
not form a black hole even at the Planck scale 0. 

(iv) A currently open question is what is the structure of a spacetime manifold 
which is formed when the deficit solid angle is equal to or greater than A-k. 

When the system contains two distinct decay channels described by n = 
and n = 1 bubbles, an interesting quantity is the ratio of two decay rates. If the 
tunneling action for each bubble is larger than unity, the nucleation rate for the 
n th bubble takes the exponential form, i.e., = A n e~^ Bn , where B' n is the value 
of the Euclidean action of the n th bubble solution multiplied by T/v. For the ratio 
of prefactors A\/Aq, we assume that zero mode contributions are dominant as has 
been done in a flat spacetime and then we have 

W-(ifM-f^-B'4 (10) 

Note that the leading contribution of the action difference (v/T)(B 1 — B' ) can 
be understood as the energy needed to generate the global monopole at the cen- 
ter of monopole-bubble, which is approximately proportional to the radius of the 
monopole-bubble, B 1 /B Q tends to one in the thin-wall limit and a few in the thick- 
wall limit. Therefore the substitution of the values of the action gives several values 

ofr«/r(°): 





1.0 


2.0 


0.3 (thick wall) 


3.32xl0~ 2 


1.98xl0~ 5 


0.1 


3.43xl0~ 9 


1.59xl0~ 18 


0.03 (thin wall) 


5.23xl0~ 13 


1.47xl0~ 25 



Table I. Values of Y^ /Y^ for A = 1 and v/M Pl = 0.1. 

As expected, (i) monopole-bubbles are more likely to be nucleated at high tem- 
perature and in the relatively thick wall case, and (ii) there may exist some param- 
eter region of a scalar potential where the monopole-bubbles cannot be neglected, 
although B[ is always larger than B' . 

III. Evolution of Monopole-Bubbles 

In order to pursue the evolution of bubbles, we solve the classical equations of 
motion and take into account the effect due to the temperature change when we 
prepare the initial conditions. 
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Figure 3. Profiles of an n = 1 thick- wall bubbles for fixed A = 1, a — 0.3 and 
v/Mpi = 0.1 associated with the classical evolution. 

An example of our numerical results for the evolution of an n = 1 bubble is 
displayed in Fig. 3. Note that: 

(i) When the size of the outer bubble wall is larger than that of the static solution, 
i. e., the critical size, the outer bubble wall of the monopole-bubble starts to expand. 



(ii) As the bubble grows, a thick-wall bubble becomes a thin-wall one. 

(iii) If we trace the time-evolution of the position of <fi = 0.5v for the outer wall, 
its trajectory looks like a hyperbola, similar to that of n = bubble wall. The 
terminal velocity of the wall is read from Eq.(^): 

v termmal ~ - 1 - Q r D /nM2 ' \ 1L ) 

which agrees with that of an n = bubble. 

(iv) From the trajectory of the position of <ft = 0.5v for the inner wall, we find 
that it oscillates and we can expect that this oscillation will be damped gradually. 
It implies that the global monopole inside an n = 1 bubble is stable against the 
perturbations of the scalar amplitude. 

Finally, let us discuss the case where the scale of the symmetry breakdown 
v approaches the Planck scale Mp[. When the de Sitter horizon is smaller than 
the radius of a monopole-bubble, one probable case is that the nucleated bubble 
contains a super- horizon-sized monopole according to the viewpoint of Ref . [PH|] . 
Once such a configuration is formed, one can expect defect inflation at the monopole 
site 0. 
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